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1. Introduction 


If conformal field theories have exactly marginal operators there is a conformal manifold pa- 
rameterised by the couplings for the marginal operators. In two and four dimensions CFTs 
with associated conformal manifolds are not uncommon, at least with J\f = 1 supersymme¬ 
try in The situation is much less clear in higher dimensions; whether any non trivial CFTs 
with marginal operators exist in six dimensions remains doubtful but not inconceivable [ 2 ]- 
Here we aim to extend some results obtained in two and four dimensions to the significantly 
more complicated case of six. 

To this end we consider the response of a CFT extended to a curved space background 
to a Weyl rescaling of the metric r y llv . In general, CFTs are invariant under Weyl rescalings 
of the background metric, 7 ^ —>• e 2 cr 7 /iI/ , up to a finite sum of local contributions formed 
from curvature tensors and <x, with coefficients commonly referred to as central charges. In 
two dimensions there is just the Virasoro central charge c, so that the trace of the energy 
momentum tensor is proportional to cR, with R the scalar curvature which is equal to the 
two dimensional Euler density £ 2 . In four dimensions there are just two coefficients c, a, which 
are related to the square of the Weyl tensor and the four dimensional Euler density £ 4 . These 
results for CFTs on curved backgrounds may be used to construct effective field theories for 
a dilaton r, with terms 0(r 2 ) in two dimensions, and 0(t 3 ,t 4 ) in four dimensions, which 
survive on reduction to flat space and are proportional to c, a respectively. By considering 
dilaton scattering in four dimensions the crucial positivity constraints allowing arguments for 
an irreversible RG flow between UV and IR fixed points have been obtained [3]. 

For CFTs with a conformal manifold it is convenient to allow the couplings g 1 for the 
marginal operators to be local or x-dependent. The couplings can then be treated as sources 
for the marginal operators. In that case there are additional local contributions under a Weyl 
rescaling depending on derivatives of g 1 . Such terms are restricted by power counting. In two 
dimensions this procedure generates a unique two index tensor gu on the conformal manifold, 
while in four dimensions a four index tensor is present also. In two dimensions gjj is identical 
with the metric defined by Zamolodchikov [T] in terms of the two point functions for the scalar 
operators coupled to g 1 and which for unitary theories is necessarily positive. A similar result 
applies in the four dimensional case so the corresponding metric is again positive. 

Away from a conformal critical point the response to Weyl rescalings with local couplings 
must satisfy Wess-Zumino consistency conditions stemming from the fact that the Weyl group 
is Abelian. The resulting equations relate the RG flow of the central charge c in two and a 
in four dimensions to the corresponding gij. For positive gjj the RG flow is irreversible 
m- In two dimensions this approach is equivalent to the Zamolodchikov c-theorem. In four 
dimensions the metric is necessarily positive in the neighbourhood of a fixed point, but unlike 
two dimensions there is no simple general non perturbative argument, although arguments 
based on dilaton effective actions can be applied [7|. For renormalisable quantum held theories 
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in four dimensions the metric and related quantities may be calculated perturbatively in terms 
of the vacuum amplitude, most directly with a curved space background and using local 
couplings at two loops [ 8 ], but also just restricting to flat space at three loops mi- 

it is natural to consider extensions to higher dimensions, in particular six. The dilaton 
effective action was constructed in [TO] and also [12] . The local RG approach was also extended 
to six dimensions in m- The number of contributions which it is necessary to consider 
increases significantly; in the approach followed in m there are 0 ( 100 ) different consistency 
conditions to be analysed. Due to complications arising from the analytic structure of 3 —>• 3 
amplitudes there is no derivation of irreversibility of RG flow along the same lines as that 
applied in four dimensions [TO], and recently a two loop calculation in six dimensional </> 3 
theory showed that the metric relevant for RG flow was not positive in this theory [IT]. 

In this paper we endeavour to understand further the complications arising in six dimen¬ 
sions by considering a six dimensional conformal held theory with exactly marginal operators. 
The approach followed here, based on assuming local couplings for all marginal operators and 
considering the response to Weyl rescalings of the metric, defines various tensors on any confor¬ 
mal manifold. An infinitesimal Weyl rescaling determines the trace of the energy momentum 
tensor. As is well known, in six dimensions on a curved background with fixed couplings and 
neglecting scheme dependent contributions, this is expressible in terms of three scale dimen¬ 
sion six Weyl invariants, with coefficients 01 , 02 , 03 , and the topological Euler density Eq, with 
coefficient a [151116] , Thus ci,C 2 ,C 3 ,a may be regarded as the central charges in six dimen¬ 
sions, corresponding to the two dimensional c and four dimensional c, a. With local couplings 
to marginal operators it is further possible to obtain three rank two symmetric tensors, as 
well as rank four and rank six tensors. One rank two symmetric tensor can be related to 
the two point function for marginal operators and is therefore positive. This may then be 
taken as a metric for the conformal manifold. However, contrary to the case in two and four 
dimensions, this is not the tensor that features in the equation for the RG flow of a. The 
additional symmetric tensors present in six dimensions are constructed in terms of the Weyl 
tensor and so are absent in any conformally flat space. 

In the next section we review the response of a CFT containing exactly marginal operators 
in four dimensions and then consider the extension to six. In six dimensions it is necessary to 
consider Weyl transformations which are rather more involved than in four. Besides the Weyl 
tensor the results can be expressed more simply in terms a basis involving the Cotton and 
Bach tensors m- Their definitions and some basic properties are reviewed in appendix [A] It 
is also necessary to consider various conformally covariant differential operators which extend 
the conformal Laplacian A 2 = —V 2 + where £ = (d — 2)/4 (d — 1) with d the spacetime 
dimension. In four dimensions the results involve A 4 , the conformal extension of (V 2 ) 2 , while 
in six dimensions it is necessary to consider the Branson operator Aq [39] whose leading term 
is -(V 2 ) 3 . 
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As an illustration of these results we consider in section [3] the conformal theory in six 
dimensions which is obtained from the quantum field theory of free two-forms. In this case we 
may introduce a local coupling in the action as 1 /g 2 which acts as a source for the dimension 
six scalar operator formed by the gauge invariant classical Lagrangian density. After suitable 
gauge fixing we determine the one loop anomalous contributions under a Weyl rescaling of the 
metric, extending the results in m to include contributions involving derivatives of g. The 
results fit the general structure determined in section [ 2 j 

In section 0] results obtained from calculations at two loops for 0 3 theory on a curved 
background with local couplings are also presented. This theory has non zero /3-functions 
and conformal invariance is broken but perturbative calculations should satisfy the constraints 
obtained in section [2] to lowest order. We also present results for the central charges ci,C 2 ,C 3 ,a 
to 0(g 2 ). To ensure that the results are compatible with the general analysis it is necessary 
to ensure when using dimensional regularisation that the one loop counterterms are such as to 
ensure the initial free theory is conformal away from d = 6 . Although </> 3 theory is problematic, 
since it lacks a minimum energy ground state, we assume it may be stabilised by a small </> 4 
term and that it may then still be used to define an effective conformal theory, at least to 
leading order. 

We also consider in section [5] some positivity conditions which are obtained by relations to 
two point functions. These serve as a check on the results for C 3 which is related to the energy 
momentum tensor two point function and also a two index tensor on the space of marginal 
couplings which is related to the two point function for the exactly marginal dimension six 
scalar operators. The coefficients ci,C 2 as well as C 3 determine the energy momentum tensor 
three point function. This also satisfies positivity restrictions related to the energy flux at 
infinity m and these are shown to be satisfied to lowest order beyond free theory by (/> 3 
theory. 

Various details are contained in four appendices. In appendix [A] we present a detailed 
summary of results for conformal tensors, the Weyl, Cotton and Bach tensors, and also dif¬ 
ferential operators which transform nicely under Weyl rescaling of the metric and are relevant 
for our calculations. We also give an expression for the coincident limit of the Seeley-DeWitt 
coefficient 03 , which determines the one loop results, in terms of the basis of conformal ten¬ 
sors. In appendix [B] we describe briefly the six dimensional results obtained by integrating the 
infinitesimal Weyl rescaling of the metric. Appendices O and [D] contain the detailed results 
necessary to calculate the coincident limit of 03 for fermions and two-forms respectively. 
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2. Response to Weyl Rescalings for CFTs 


In general the vacuum functional W, depending on the metric and couplings, for a CFT 
responds to an infinitesimal Weyl rescaling, 8 a ^u. u = 2 a 7 /ti ,, in even d dimensions according to 


(4? r)%5 a W 


1 


d d x^/^y aL d , 


( 2 . 1 ) 


with L d a local scalar of dimension d formed from the metric, the couplings and derivatives. 
In general L d is constrained by the integrability conditions following from (5 a 5 a t — 5 a i5 a )W = 0. 
We initially consider solutions such that 


6*L d + doL d = 8 u a) , X/" = Xf* . (2.2) 

We assume that in (ED L d has the freedom 

L d ~L d + X^X v Zr , (2.3) 

since such contributions can in general be cancelled by local contributions to W. For variations 
(12.311 compatible with (12.211 then 

xr~xr+ *zr-'TZa \ if b a zr+dazr = o. (2.4) 


Under a hnite rescaling ED extends to 


(4 tt)2 (W[e 2 cr 7 ^] -W[ 7 ^]) = j d d x y / r ^y £ d (cr), 


(2.5) 


where C d {a) is obtained by a Taylor expansion, 

C d (a) = oL d - d p ad v o £r>o 77 W V + V M ,, 

“ v (2.6) 


Xd.r+i'*'' = (S ff + d a)X d ^ , X dJ T = Xr , 

so that X dr ,a/ = 0(a r ) and is arbitrary. The sum in (12.611 truncates after a finite number 
of terms. 


Before proceeding to the six dimensional case we recapitulate previous results obtained 
in four dimensions [ 6 ]. The extra terms involving derivatives of the couplings depend on a 
symmetric two index tensor gjj and also a four index tensor cijkl • It is natural to express 
the contributions to L 4 using the Christoffel connection formed from gjj, 

r : jk = \ g IL (djgu< + dxgu - dhgjK ), g IJ = (g _1 ) /J • (2.7) 

We may also allow for a background gauge field A p € g coupled to conserved currents. If F pv 
is the associated field strength, then 

La = c W^ x W ppuX -aE,-\n ah F a ^F bpv 

+ i gjj D 2 g 1 D 2 g J - g u d'Lj T (2P p „ - lpiJ B) d v g J (2.8) 

+ \ cijkl d'A/d^g 3 d u g K d u g L . 
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Here, 


D 2 g I = V 2 / + T r JK d IJ g J d p g K 


(2.9) 


E A is the Euler density, given by (1A.9I) for d = 4, and P pv and R are the Schouten tensor and its 
trace given by (IA.1D for d = 4. In (H3D clearly g TJ = gj /, c IJK l = C(u)( K l) = cklij and n ab 
is a symmetric invariant bilinear form in a convenient basis {f a } for g so that, for any X € g, 
X = X a t a ■ If g is simple then n a b nd ab . We may also extend d^g 1 —>• d^g 1 + A a p (T a gy but 
for simplicity we neglect such contributions here. 

It is straightforward to check that (12.811 satisfies (12.211 with 

Xr = -SaGr + gu{ 2 d^g I d u g J - ^d x g I d x g J ) , ( 2 . 10 ) 

and G A pv as in (1A.13H with d = 4, so long as a is constant. From (12.611 it is easy to see that 

X A ^ V = 1 X A ^ V = -16a(2 d p ad v a + 7 ^ d x ad x a) . ( 2 . 11 ) 

Using (Em (EUD in (EjJ gives 

U{a) = a L 4 + h 2 gjj{2d' J g T cr g J - ^ d x g I d x g J )d p ad„cj 

( 2 . 12 ) 

+ 4a{G A pu d p ad u a + X 2 a d p ad p a + \ (d^ad^a) 2 ) , 

which reproduces the well known results for the four dimensional dilaton effective action and 
the dg terms calculated in [ 6 j. 

In six dimensions we follow a similar route by determining the general form for Lq satisfying 
(12.21) . There are various contributions which may be analysed independently. For any six 
dimensional CFT in the absence of local couplings Lq is given by just 

Lq = X)j=l, 2,3 c i I* + 0 , Eq , (2-13) 

where an appropriate basis for the dimension six conformal scalars R, and also an explicit 
expression for the Euler density E$, are given in appendix [A) R,R are the two independent 
scalars cubic in the Weyl tensor while I 3 = W ppuX X 2 W ppL , x + • • •. Since 5 a R + 6 crR = 0 and 
6 a EQ + GctEq = 24 X p {Gq p ’ 1 'd u a), with Gq pv the six dimensional generalisation of the Einstein 
tensor, it is easy to verify that (12.131) satisfies (12.21) with 

X^ v = 24 aG^ v . (2.14) 

There are also three potential dimension six conformal scalars formed from F pv for which 
we may take 

Lq = — \ K ab (F a ^ (V 2 F pv ) b -4RF a ^F bpu ) - 2 (V„V„ + 2P pv )( Kab F a pX F b \) 

~ \ k ab W puXp F ( r F b xp + i f abc F c rF buX F c \ , 

with k abi^ab symmetric invariant tensors and f abc an antisymmetric invariant tensor. 
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For free scalars, fermions and also two-form gauge fields the coefficients Q,a were calculated 
in m- For scalars and fermions the results can be straightforwardly extended to include back¬ 
ground gauge fields. For t a the real antisymmetric or anti-hermitian generators determining 
the gauge couplings to scalars or fermions, then, letting K ab = —Ktr (t a tb), k a b = —ktr {t a t b ), 
fabc = -ftr(t[ a t b t c ]), we have 

7!ci 7 !c2 7!c 3 7!a k k f 

scalars — ^ | 2 | 

fermions -Sjj® -32 40 -if 1 

two-forms 180 442 

Our main motivation in this paper is to consider contributions depending on derivatives of 
the couplings. We first consider terms which are the direct extension of the terms involving gjj 
in (12.81) . This can be constructed starting from a leading contribution involving six derivatives 

Si = \ g IJ D^D 2 g I D^D 2 g J + ± 77 ikljD 2 g 1 d^g K d^g L D 2 g J , (2.17) 

with D 2 g I defined as in (12.91) and 

D^D 2 g 1 = d^D 2 g I + T 1 KL d^g K D 2 g L . (2.18) 

In (12.171) Hiklj is the Riemann tensor defined as usual in terms of the Christoffel connection 
T : kl in (12.71) . The Weyl variation of Si gives 

5 ct Si + 6aSi = -8 g IJ D 2 g I D^d u g J V^d u a + 3g IJ D 2 g I D 2 g J V 2 a 

+ 4 gud^g 1 d v g J (' V^8 U V 2 a + 8 V„(P„ A 8 x a) + 2 (R d v a)) 

- 2 ff;; ^V(V 2 V 2 <7 + 8V u (P, x d x a) + 2 V v (Rd v a)) 

(2.19) 

+ V m (4 g IJ D 2 g I D^d u g J d u a) - 3 g u D 2 g 1 D 2 g J &‘a 
- 4 gijd^g 1 d v g J ( d u V 2 a + 8 P uX d x a + 2 R d u cr) 

+ 2 gijd x g I d x g J (dWV + 8 P' IV d u a + 2Rd^a)) . 

If we then add the four derivative term 

S 2 = - / ^g IJ {D 2 g I D^d u g J + D»d u g I D 2 g J ) P IW + 3 g IJ D 2 g I D 2 g J R 

(2.20) 

+ V»{4P» x g IJ d x g I D 2 g J - 4 giJ &*g 1 8 V g J 8 V R + 2 g IJ 8 x g I 8 x g J 8^R) , 
we may obtain 

6*(Si + S 2 ) + 6<r(Si + S 2 ) = gud^g I d"g J V + V M (Xf ^ d v a) , (2.21) 

for 

A, w = 4V Ai 9 l/ V 2 cr + 32V A (R A(M 5 v) cj) - 16 V x (P /lu d x a) + 1QV {ll (P u)x 8 x a) 

-8 V {fl (R8 u) a) (2.22) 

+ 7 ^ ( - 2 V 2 'V 2 a - 8 V^P^a) + 4 W(R <V)) 


30 


16 

15 


18 


15 


52 

15 


( 2 . 16 ) 
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and 


(2.23) 


XV LV = / ^SijD 2 g I D^d u g J - 3 7 ^ gi J D 2 g I D 2 g J 

+ 8 P^g IJ d x g I d x g J - 16 {P ltX gijd x g I ff'g J + g u d p g 1 d x g J P x ") 

+ 16gijd IJ g T d"g J R + 7 ^(l6 g IJ d x g I 3 p g J P Xp ~8d x g I d x g J R) , 

where P pu ,R are given by (1 A. 1 1) with d = 6 . The remaining A pu terms in (12.211) may be 
cancelled by taking 

5*3 = 4 gud^g I d u g J {B^ + 6P pX P u x - 4 P pv R + V p d u R) 

(2.24) 

- 2g IJ d p g I d p g J (2 P pX P px -2 R 2 + V 2 P) . 

Hence, we may satisfy (12.21) for d = 6 by taking 


L% = - Si - S 2 


S 3 


+ Si./jdVdV + g2gjd p g I d p g J W vXpu W vXpu . 


(2.25) 


The terms involving g/j are a natural generalisation of the unique L|, implicitly defined by 
(12.81) . and L 9 = —\gijd p g I d p g J . The sign is chosen so as to ensure later that gjj is positive 
in unitary theories. In six dimensions there are further possibilities involving rank two tensors 
which are formed in terms of the Weyl tensor, as included in (I2.25P . For these terms (12.21) 
becomes essentially trivial. 


Further contributions to Lg involve at least four g's with derivatives. To construct these 
we first consider 


T\ = jig jkl ± (V p h IJpp V x h KL pX - V x h IJ ^ V x h KL pi/ ) 

+ 32,1 jkl \ d X (d 9 g I d p g J ) d x {d v g K d v g L ) 

+ hi jkl (V^Y V p d u g J - i V 2 / V 2 g J ) d p g K d p g L , 

for h JJ pu symmetric and traceless, 

h IJ = d( li g I d v ' ) g J - ± 7/ii/ d x g I d x g J , 

and jig jkl = ji,(u)(KL) = ji,KLlJ ■ In this case 

M + 60T1 = d x aj 1 g JKL (2V p (h IJX "h KL h) + d\h IJ h KL pv )) 

- d x a ( j 2 ,UKL + j3,i jkl) d x {d> J g J d p g J d v g K d v g L ) . 
Terms involving two derivatives of u may be cancelled by 

T 2 = - jig jkl (2 P IW h IJ px h KL \ + R h IJ > w h KL , w ) 

+ ( j2,iJKL + jzjJKL) R d' 1 g I d p g J d v g K d v g L 
~ d M jig jkl {h IJ pX h KL pp V p d x g M - \ h IJpu h KL pv V 2 g M ) 
- \ d M (j2jjKL + jug jkl) d^g^^g 3 d u g K d u g L V 2 g M . 


(2.26) 


(2.27) 


(2.28) 


(2.29) 
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Hence 


(2.30) 


Li = T 1+ T 2 + 3ajjkl W pXlJp h IJpv h KL xp 

satisfies (12.21) with 

= j\ IJK L (2 h IJpX h KL \ + h IJXp h KL Xp ) 

(2.31) 

- 7 M " ( 32,1 JKL + J 3 ,ijkl) d x g K d x g J d p g K d p g L . 

In (12.301) we have allowed for a possible trivial term involving the Weyl tensor. If in (12.261) 
Va h KL pi/ — > D x h KL pu and similarly d x (d u g K d u g L ) —> D x (d u g K d u g L ), X p d u g 1 D^d u g I , 

X 2 g I —>• D 2 g J , with D x the covariant derivative including the the Christoffel connection (12.71) . 
then correspondingly in (|2.29l) Qm jig jkl —>• L>Mji,UKL with Dm the covariant extension of 
9m- 

The remaining potential contribution to involves six g 1 s with derivatives, 

L^ = \ kijKLMN <9 / V<9 At 3 J d u g K d u g L d u g M d u g N , (2.32) 

defining a rank six tensor with appropriate symmetries. 


3. Two-Forms 


In six dimensions there are three free conformal field theories. In four dimensions with abelian 
gauge fields it is still possible to determine the leading one loop contribution to the metric on 
the conformal manifold. Here we describe the analogous calculation in six dimensions following 
the approach described in [ 21 ] and extending the six dimensional results in HZ]. 

For a two-form B pu € where is the space of n-forms comprised of antisymmetric 
n-index tensors, the starting Lagrangian is jus10 

J? = - T ^(dBr“(dB)^. (3.1) 

This is invariant under gauge transformations B pu —>• B pv + (dv4) M „, A p € f^ 1 ). It is convenient 
here to add the covariant Feynman gauge fixing term, 

•^g.f. = -y (3.2) 

Rescaling B pv —>• gB pu the quantum theory is defined in terms of the functional determinants 
of the Laplacians 


= 5'd! + d'<5' : ->■ , d'=±d g, 8 ' = g 8 ±, (3.3) 


1 The exterior derivative d : —> f7 n+1) , is defined so that (dF) M1 ... (Jn+1 = (n + 1) d[ M1 F fJ2 ... /in+1 ] for 

£ and is independent of the metric. The adjoint 5 : —> iT 71 1 ' is correspondingly given 

course d 2 = S 2 = 0. 










so that pT 


W = - \ In Det A (2) + In Det A (1) - § In Det A (0) . (3.4) 

A*F is related to a fermionic vector ghost and A^ 0 ^ to a bosonic scalar ghost; the degrees of 
freedom in d dimensions are then \d(d — 1) — 2 d + 3 = ^(d — 2){d — 3). 

Continuing to a Euclidean metric the functional determinant of an elliptic differential 
operator A may be defined in terms of the heat kernel by 

1 f°° 

-InDet A = Ca(0) , Ca( s) = rrrw / dr t s ~ 1 Tr(e _rA ) . (3.5) 

1 l 5 ! Jo 

Under Weyl rescaling of the metric, for F^...^ an n-form, d fT (dF ) /il ... /iri+1 = 0, whereas 
= -2(d-n + l)o- +2(d-n)(5crF) lll ..^ n _ 1 . Hence, with d = 6 , 

8 a A (2) = - 2(jA^ + 2ad'5' + 2d'5' a — id'a 5 ', 

<5 ct A (1 )= -2itAW +2ad'5' + 4d'<5' a- 6 6 ! a 5' + 2 5'a d'-2<r<5'd', (3.6) 

5 ct A ( °)= — 2<r A® — 4cr5 / d / + A 8 'ad !. 


Using relations such as d'A^ = A^d' we may obtain 

^(TV 0(2) ( e - A(2) ) -2TV n( i)(e-" A(1) ) +3TV a( o)(e-" A(0) )) 

= -2r (Tr n w (a e~ T A<2) ) - 2 Tr n( p (a e~ r A(i> ) + 3 TV n(0) (a e' T A(0) )) , 


so that from (13.41) and (13.51) 

8 a W= (Tr nW (a e- A(2) ) - 2 Tr n(1) (a e — aW ) + 3 Tr n(0) (a e — A( ° ) )) | ^ 
with | T o denoting the r° term in the Laurent expansion in r. 

In each case the Laplacians defined in (13.31) have the form 


A — —I ? 2 + 2 R 1 y + U A , 


(3.7) 


(3.8) 


(3.9) 


for A : V —>• V and V M with an appropriate connection on V. For such elliptic 

operators the associated heat kernel K/±(x,y,T), corresponding to e~ rA , has the well known 
expansion K&(x, x] t) ~ J2 n >o a A.n|(*) T n with aA.nl the diagonal Seeley-DeWitt co¬ 

efficients. Hence for d = 6 

( 47 t ) 3 Try (a e” rA ) | r0 = J d 6 Xy/j a try(a Aj3 |), (3.10) 

with try the matrix trace and 

7! try (o A>3 |) = dim U(§ F 6 - f h + 1 1 2 + 2 J 3 ) 

+ 14(3try(I) + 5IU^ Ap try(F^F A 0 - 8 try(F^F, A F\)) 

(3.11) 

- 7! try (i y A 3 + ^ y A A 2 y A + ^ iu^hVa u A + ^ f^f^ y A ) 

+ 7! V V S V Z£ V . 
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Here try (/) = tr y(F yi "D 2 F pv ) + • • • is a dimension six conformal scalar formed from F pv , and 
A 2 = — V 2 + 2 R with 'DjjYa = dfjY/i + [A p ,Y&\. For zero-forms F Xp 0 while acting on 
one-forms A p , F\ p R p tl ' Xp and on two-forms B pu , F Xp —> 2 5^'R u ^ v '\ p . An explicit form 
for Z£ v in (13.111) is given in appendix [Aj 

For the operators A- n ), and letting y A („) = Y n , 

Y 0 = -2 R + U, 

Yiff' = (-R + U) <5/ + 4 P/' + U/ , (3.12) 

y 2 ^' v ' = usysy+ 2(2 p { y + u { y) 5 /1 - , 

where 

U = - V M rP + ^ , U pu = U up = -V p v„ , v ll = g 2 d p . (3.13) 

From (13.111) 5 a W in (13.81) is then determined in the form (12.11) with 

L 6 = tr a(2) (a A( 2 ) )3 |) - 2tr n( i) (a A (p 3 |) + 3tr n(0) (a A «»,3l) + , (3.14) 

up to the arbitrariness in (12.31) . Here tr^( 2 )(l) = 15, tr^(i)(l) = 6, trQ( 0 )(l) = 1. The various 
traces necessary to determine (13.141) using (13.111) are given in appendix [Dj Neglecting the 
terms involving U we get 

L * = ^ ( - I 8008 h-\ 2378 1 2 + 180 / 3 + 442 P 6 ) , (3.15) 

which reproduces the results of HZ] listed in (12.161) . In terms of v p defined in (13.131) 

L% = - i d A d x V v v v + 2 P pu W 7 V A u A - I R V p v y V u v v 

- (B pu + 6 P pX P\ - 4 P IW R + V,AP)PV + ( P xp P Xp - R 2 + \ V 2 R)v^ 

+ \ W> tXpu W v Xpu v p v v - ^ W^ xp W puXp v u v w (3.16) 

- \ ((W 7 - \ V v v v ) v p v p + R (v p v p ) 2 ) 

~ m Vfly ^ ^^Vy) - £ {v^V p f , 

for A 2 = —V 2 +2P. The first two lines in (13.161) agree with the form expected from S 1 +S 2 +S 3 
given by (12.171) . (I2.20|) and (I2.24|) and there are also contributions which may be identified 
with J 2 , j .3 in (12.261) . (|2.29l) . with coefficients as well as (12.321) . 


4. Calculations in Scalar < f> 3 Theory 

In six dimensions the only conventionally renormalisable quantum field theory is the apparently 
unphysical (although for imaginary couplings the theory has relevance in statistical physics ['22] ) 
(f> 3 theory given by the Lagrangian 

= -^d^^id^i + id^iR) V(4>) = i Xijk^j^k, i = 1,... ,n ( f ) , (4.1) 
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where Weyl invariance in six dimensions requires £g = ^. However using dimensional regulari- 
sation with d = 6 — e it is necessary to keep e-dependent terms to ensure compatibility with 
conformal constraints to two loop order so that £<* = | — y^e + 0(e 2 ). Two loop calculations 
for six dimensional </> 3 theory on curved backgrounds were initiated in [231123] and recently 
extended to local couplings in m while the /3-function has been determined to three loops 
in [25]. 

For a finite perturbative expansion starting from (ED it is necessary of course to add 
counterterms 2z? c .t. containing poles in e. These may be restricted to the form, up to total 
derivatives, 

(<£, H) = tr (d»<pNd^ + U<pNipR)- K.t .m , <Pij = \jk<t>k • (4.2) 

V c x.{ 0 ) is a polynomial of degree three and includes ^-independent terms of dimension six 
depending on the curvature and derivatives of the couplings. Renormalisability on a curved 
background and with local couplings dictates that in (14.111 2 *f(</>, V) should be extended to 
J£?((/>, V, a) depending on a background gauge held a^ij = —a^ji and also a general cubic V, 

t (Di,(jy)i — c)j t T (ifi jj(j)j , H(b) — g ^ijk Pi(pj0k T 2 friij d)jd)j T hj (4.3) 

so that 

2z?o = &(<f>,V,a) + 2zf c .t. (p, V, a) = Jf (p 0 , V 0 , a 0 ) - x(V,a). (4.4) 

(Air)-* 

Here x is a dimension six scalar independent of p and formed from the curvature and the 
couplings with derivatives. 

The RG equations take the form 

( 470 ^ + da + V p + V^)J ? 0 = a L 6 + V^A^cW), (4.5) 


for 


Vp= d x a[ fixijk 


5 \. 


ijk 


+ A 


m ij 


dm . 


= - Jd d x o(\(d- 2 )5ij + jij) A 


v 

.,± 
J 8 P 


+ Phi + (p ' D^X)ij 


5a 


MU 


(4.6) 


In (|4~6]l fixijk = -^eXijk + Pxijk, Pm ij = -2 my + ■ m)ij + P m ij, with f3 mij independent 

of m, and Phi = — (\{d + 2)<5,;j — 7 ij)hj + Phi , with (3h independent of h. Vp may contain 
additional terms involving d^a but these are neglected as they are unimportant here. As usual 
(14.511 determines the higher order e poles in J£q. 


As shown by Brown and Collins in four dimensions for p 4 " theory [26] the subtraction 
prescription implied by (14.211 suffices to ensure Weyl invariance remains valid to one loop order 
so that results at two loops for the ^-independent counterterms should be consistent with the 
general constraints described here. At one loop the necessary counterterms are determined by 
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oa, 3| for the operator A = (—V 2 + ^(d — 2)72)1 + m + (p which gives 

(4vr) 3 F c .t.(^) (1) = - (- |tr((m + ^) 3 ) - ^tr(m + if)W PfluX W pflu x 

+ gtr((^(V 2 — 2 R)m) — tr + 2 Rm 2 ) 

+ n ^(lE 6 -f /i + §/ 2 + 2 / 3 )) , 

(4tt) 3 a( 1 ) = - - . 

Ge 

The one loop results for f3\, 7 are standard, and are given in m , but in addition we must take 
(p^ ^ • dA)jj — ^{Xikl AXjkl dAjfc;Ajfc;), /3^ — g Xikl d p Xj k l as well as ^hi\m=0 — 

— THo W pp,uX W ppu \. For the scalar theory defined by (14.11) it is then easy to read off 

=n^(lE 6 -fh + lh + 2I 3 ), ( 4 . 8 ) 


which of course confirms the results for free scalar fields in ([2.161) . 

3 

Extending the calculations to two loops, letting A ij k —>• (47r) 2 Ajjfc, leads to 

r i?(2) _ XijkXijk (2 T 13 T 1 T \ (A n\ 

L e - 9x6! V 5 18 12 1 /3 J' ^ 4 ' 9 ' 

This is in agreement with similar two loop calculations in [ AllfSllf 2 ! although a non conformal 
tensorial basis was used in these papers. 

The two loop calculations may also be extended to allow for x-dependent couplings leading 
to contributions to x^ i n H4.4[) involving derivatives of A. There is a single double pole in 
£, independent of 4 >, which is proportional to d 1 ^ Xij k d u) XijkW pp ' uX W ppu \ whose coefficient is in 
accord with ([4.51) . although it is necessary to take account of the m terms in (14.71) . Discarding 
terms with two overall derivatives and also some scheme dependent terms proportional to 
W ppvX W ppv \ these may be reduced to a conformally covariant form and give, after rescaling 
A as before to absorb factors of 4-7T, 

L l (2) = - 6T6! (3 m V 2 A ijk d p V 2 X ijk - 16 P pv V 2 X ijk V p d u X ijk + 6 R V 2 X ijk V 2 X ijk 
+ 8 [B pv + 6 P pX P\ - 4 P pv R + W'&'R) d p X ljjk d u X ijk 

(4.10) 

- 4(2 P xp P\ p -2 R 2 + V 2 72) d p X ijk d p X ijk ) 

- 9 T 6 ! W pXp “W u Xpu} d p X ijk d v X ijk - W vXpu W uXp0J 8 p X ijk d p X ijk . 

This has exactly the form expected from (12.251) and shows the presence of all three possible 
two index tensors on the conformal manifold although the coefficient of the last term in (14.101) 
is scheme dependent. 


2 In [53] the relevant results are contained in (3.21) but it is necessary to have an additional factor e in the 

R 2 (£f? + ...) term. 
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5. Positivity Constraints 


The various terms present in L^,Lq correspond to contact terms for identities resulting from 
Weyl scaling for correlation functions of the operators Oj coupled to the marginal couplings 
g 1 and also the energy momentum tensor. Positivity conditions arise most straightforwardly 
by considering two point functions. Restricting a to be a constant then (12.11) is equivalent to 

o /» 

(An)? g— W = j d d XyfyL d , (5.1) 

for g a regularisation scale and where, by analytic continuation, the metric is taken to be Eu¬ 
clidean and iW —>■ W. Applied to the two point function, obtained by functional differentiation 
of W twice with respect to g, ED requires 


d_ ln , rm v, _\ 9lJ (d 2 ) 2 6\x)/(^) 2 , d = 4, 

^ I{X) j( ) >la 9 =o, 7 ^=V 1 giJ ^f5\x)/{^)\ d = 6. 


(5.2) 


Conformal invariance dictates 


WW))W+ =g "’ i P)3 


(5.3) 


For general d, ( x 2 )~ a may be defined as an analytic function in a with poles at a = ^d+n, n = 
0,1,2,... . Hence for d even it is necessary to regularise, denoted in (15.31) by 1Z , so that (x 2 )~ d 
makes sense as a distribution for all x, or equivalently has a well defined Fourier transform. 
This is essential in order to make a connection with the identities in ()5.2|) and requires the 
introduction of the arbitrary scale g. A convenient prescription is provided by differential 
regularisation EH, which gives 


n 

n 


1 


1 


(x 2 ) 4 

1 

(x2)6 


\ng 2 x 2 

\x z 


4 4 x 3 ' ’ 

1 ^ 2 , 4 / 1 


4 6 x 45 


(3 


{x 2 y 


1 2 2 
In g x 


d = 4, 

, d = 6 . 


(5.4) 


Substituting (15.31) with (15.41) on the left hand side of (15.21) gives 


(2tt 2 ) 2 Gjj = 24gjj , d = 4, n 6 G u = 360g u , d = 6 . (5.5) 


Unitarity implies positivity conditions on G/j. To apply unitarity here it is sufficient to 
use the Fourier transforms 


/ 


d 4 x e ik ' x \ In g 2 x 2 


/ 


d 6 x e ik ' x ^^ In g 2 x 2 


{x 2 f 


47r 2 e 2l k 2 

T 2 ln l^’ 


47T 3 

Iz 2 




(5.6) 


where 7 is the Euler-Mascheroni constant. It is then straightforward from (15.61) to determine 
the Fourier transforms of as given by (E2D for d = 4, 6 . Under analytic 
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continuation from Euclidean to Minkowski space kj — ik o and the absorptive part for k 2 < 0 

is given by Imln (£; 2 — ie) = —7r9(—k 2 ). Applied to (|5.3D this requires positivity of Gjj. 


For free scalar theories ( 47 r) 3 (i<)> 3 (x) 0)) = l/( 67 r 6 (x 2 ) 6 ) so that in (15.31) we may take 

Gjj = 5ij/(6it 6 ). Using (15.51) gjj = 5jj/(3 x 6 !) in agreement with (14.101) . For two-forms, 
from (13.11) . (13.21) . 


(B^(x)B Xp ( 0)) 
((dBr“(x)dB Xpa (0)) 


2 vr 3 A p (x 2 ) 2 ’ 

1 o n 2 i 


(5.7) 


where 

= 6 ^ - 2^^ (5.8) 

is the inversion tensor. In this case for O = j^(dB) pvu {dB) puuj then 7 t 6 G/j —>• 90 g 4 so that 
gjj —>• \ g 4 . This is in agreement with (13.161) . 


These considerations may also be applied to the energy momentum tensor defined by 
functional differentiation with respect to the metric. For the two point function only the Weyl 
anomaly proportional to c in (12.81) contributes to the corresponding equation to (15.21) when 
d = 4; for d = 6 just the term W ppuX 'S7 2 W ppv \, contained in / 3 and proportional to C3, in 
(12.131) is relevant. Thus 


d 


dg 

where, for general d, 


V dn ^ Tap ^ ■) I dg= 0 , 7 ^=^ 


4:C'D puap 5 4 (x)/{4:TT) 2 , d = 4, 
6c 3 V pU(Tp d 2 S 6 (x)/ (47t) 3 , d = 6 , 


1 


= \ {s^oS up + s w s va ) - J-J s p „s ap , s p „ = d p A - S pu d 2 

For conformal theories 




1 


(x 2 ) 


T^yo-p(x) ) , 


2 \d ^P^P 


with the inversion tensor for symmetric traceless rank two tensors 


1 


d~- p urrp — 2 (7//fj7/yp T I pp Ivrr) , d pl/ 5, 


Since 




P ua P ^ x 2 y -2 

then in (15.111) we may define 


ap 


1 ^2 = 4 (d- 2 ) 2 d(d + 1 ) -r^nX„ vrT n\X) 


(x 2 ) 


2 \d - L -pvap\ u ') > 


n 

n 


Zg.v<Tp( x )^J ~ 44 x 5 ® 2 {. x 2 ln^ 2 x 2 ) , d — 4, 

(jy 2)6 Zpv°p( X )^J = ~ 46 x 03 (^ 2 ) 2 (^ 2)2 ln k 2 X 2 ) , d = 6 . 


(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 
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(5.14) 























Hence 

(27t 2 ) 2 C' t = 160 c, d = 4, tt 6 C t = § x 7! c 3 , d= 6 . (5.15) 

The relation between Ct and c for d = 4 was obtained in [2S] and the connection between Ct 
and C 3 for d = 6 in HU. For d = 6 the results in (|2.16l) are in agreement with calculations 
of Ct for scalars, fermions in [28] and also two-form gauge fields in [29]. The results (15.61) 
suffice to determine the Fourier transforms of (|5.14l) . Under continuation to Minkowski space 
we must take T ( n —>• — zTo*, i = 1,..., d— 1, T&d —>■ —Too, so that in (15.111) 5^ —>• It follows 

directly that unitarity requires Ct > 0 . 


Positivity conditions for conserved vector currents V a ^ may be obtained in a similar fash¬ 
ion. Correlation functions containing V afl are defined by functional differentiation of W 
with respect to a background gauge Held A a ^. Then, from (j2.8[) and (12.151) . taking Lq —> 
-I HabF,rV 2 F bva/ , 


d_ /v , J-« ab 5^5 4 (x)/(47r) 2 , d = 4 

T P> „ \ Va » ( x ) Vb,/ (0)) I %=0,7 MI ,=V 


.|_ Ka6 ^^6 (x)/(47r)3j d = 6 . 


For conformal theories the vector two point function has the form 

(Va t i(x)V bu (0))\ dg=0 ^ =s ^ = C Vab ■ 


In this case 


‘~V'( x 2)d-2 ^ 


so that in (15.171) we may take 

K (pj3 / «“( 1 )) =^V9 2 (^2 InA 2 ), <i = 4, 

’ ! ((i , '' (l) ) = S s "( sl) 1pF ln ' ,: 

Hence (15.161) requires 


2 x 2 ) , d = 6 . 


(5.16) 


(5.17) 

(5.18) 


(5.19) 


{2-K-YC Vab = f K ab , d = 4, n C Vab = ±§-K ab , d = 6 . 


(5.20) 


The results for k in (12.161) agree with Cy calculated for free scalars and fermions in [28k 

There are further positivity constraints on the energy momentum tensor three point func¬ 
tion which arise by requiring that the energy flux in light-like directions must be positive [I 8 l . 
For d = 6 the conditions take the form m 

C\ = 1 — jt'i — ^£4 > 0 , C 2 = 1 — \t2 — ^^4 + \^2 > 0 , 

(5.21) 

C;i = 1 — ^2 — -^4 + 5(^2 + ^ 4 ) P 0 , 

with t 2 ,t 4 corresponding to the possible angular dependencies of the energy flux at null infinity. 
t 2 ,t 4 depend on the three possible structures for the conformal energy momentum tensor three 
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point function after factoring Ct as determining the overall normalisation. In six dimensions 
these are determined by the coefficients c \, C 2 , C 3 in the conformal anomaly (12.1311 (unlike in 
four dimensions a is irrelevant as far as the energy momentum tensor three point function is 
concerned). It is sufficient to use the results for free fields in [30] and (12.161) which give in 
general 


15(23 ci - 44 c 2 + 144c 3 ) 

1 2 — —--rx-, 

16 c 3 

Then from (15.211) we may obtain, since c 3 > 0, 


U = ~ 


105(c! — 2 c 2 + 6c 3 ) 
2 c 3 


(5.22) 


- 21 ci + 36 c 2 - 128 c 3 > 0 , 101 a - 196 c 2 + c 3 > 0 , 

- 139 ci + 284 c 2 - ^pc 3 > 0. 


(5.23) 


The inequalities (15.211) define a triangular region in which the three free theory results corre¬ 
spond to the vertices where in each case two different inequalities become equalities. 


For free scalars C\ = C 2 = 0. It is then non trivial that any conformal perturbation of a 
scalar theory should satisfy the inequalities (15.211) . If we use the results for ci, c 2 , c 3 provided 
by (14.8|) and (14.91) for q i 3 theory with (I5.22|) we get 


Ci 


216 


1 XjjkXijk : 


C : 2 — gg CjjkXi'jk ■ 


(5.24) 


so that the perturbative corrections respect the inequalities even though this theory remains 
potentially sick. 


6. Discussion 

The calculations in this paper show that there are significant differences between six and 
four dimensions and also two for which Zamolodchikov first derived the c-theorem. In two 
dimensions the result for the response to a Weyl rescaling in (12.11) becomes simply 

L 2 = \cR-\g IJ d^g I d^g J . (6.1) 

In this case the consistency conditions away from a conformal fixed point essentially imply 

1 djc = gu/3 J , (6.2) 

which implies irreversibility of RG flow, a strong version of the c-theorem, if gjj is posi¬ 
tive definite. In this case positivity holds since gjj can be related directly to the two-point 
function for the operators Oj coupled to g 1 . In four dimensions away from a fixed point 
there is no longer a single rank two tensor; in (| 2 . 8 |> the corresponding contributions become 
\au'S7 2 g I \7 2 g J — G^ u gu d^g 1 d v g J — R fjj d tJ 'g I d fJ- g J . In this case consistency conditions re¬ 
quire 

2 dia = gu/3 J . (6.3) 
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Only in the neighourhood of a conformal fixed point, when ajj = fu = gu, does positivity 
of the two-point function, linked to ajj, imply positivity of gjj. 


In six dimensions the results obtained in (12.251) show already that even at a conformal 
fixed point there are three two-index tensors. Away from a fixed point the RG flow equation 
becomes 

j2 dia = gi,u( 3 J , (6.4) 

involving gijj, which away from the conformal point corresponds the contribution involving 
Gq pu ^ w pXpu W u XpuJ , rather than gjj which is related to the positive two point function. 
Hence, there are no straightforward positivity restrictions on g\jj even near a fixed point. 
As shown by (14.101) guj is negative for </> 3 theory, which reproduces the challenge to a six 
dimensional a-theorem observed in M- In contrast, the calculations for the two-form case in 
(13.161) give a positive result g\jj. However, we should note that there is at present no argument 
implying that a > 0 in six dimensions, unlike that given in m for the four dimensional a. In 
six dimensions a is related to the energy momentum tensor four point function whose analysis 
is much harder than the three point function considered in [18]. Of course with supersymmetry 
there may be further relations between tensor structures which might link g\jj,g2,u with gjj. 


In this paper we have focussed on solutions of the Weyl consistency conditions of the 
form given by (12.11) . (12.21) . Additional contributions to 5 a W may be obtained by considering 
variations such that 


{An)! 5 a W 


/■ 


^ dnCT Y d p , 


(6.5) 


where, if Yj 1 is a total derivative, then it can generally be cancelled by local contributions to 
W. Alternative solutions of the consistency conditions may be obtained if satisfies 

W + da y/ = y d pXp V p d\cr + V p ( y/ Xp d x a) + £/ X d x a , 
y d pXp = - y d Xpp , £ d pX = £ d Xp . 


( 6 . 6 ) 


Of course contributions to £ d pX of the form of X d pX as in (12.21) may be discarded. In two and 
four dimensions examples are given by 

Y/ = -WJ d p g I , = -2 G^W! d v g ! + 2 d [lWj] d p g I X 2 g J , (6.7) 

where wjdg 1 is a one-form and in the four-dimensional case we make use of (1 A. 161) . In this 
case yy iXp = 2 (y MP 7 Al/ — 7^7 xp )w d d u g I , £^ pX = 0. In (16.71) the normalisations have been 
chosen to agree with previous conventions. 


In six dimensions it is sufficient to take 

Y<y = G<r Wl d v9 ] 

+ d [lWj] ( - f d v g 1 X x d p g J 

+ 6 P pv dPg^vdpg- 1 + 6 P pv d p g T V p d u g J - 3 P pv d u g I V 2 g J (6.8) 

-6 Rd u g I V p d u g J - | V p d u g I d u V 2 g J + | V 2 /5 P V 2 5 J ) 

+ d K d [lWj] Q V 2 g K V 2 g I d»g J - V" d p g K V u dpg J d p g J - 2 \7 p d"g K \7 p d u g I d p g J ) . 
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This satisfies (16.611 with 

y^\p = _ 2 H & ,lXpv w I d v g I + 6 d^wj] Y [p V A1 SV<%5 J , 

£ 6 pX = - 3d [lWj] (i 7 mA 8 v Y/ 2 g I 8 v g J + d^V 2 g I d x ^g J ) 

+ 2 ( 7 ^ A frg K V p d u g r d p g J + d p g K V^d p g I d x ^g J + 3 V^d p g K d.g 1 8^ g J ) , 

(6.9) 


where H^ pXpi/ is defined by (I A. 1811 for d = 6. We note that 

= w KIJ {\ V 2 g K V 2 g I 8 p g J - V"8 P g K V J) p g T 8 p g J 

+ Y P 8 V g K Y p 8 v g ] 8 p g J - 2\7 p 8 u g K \7 p 8 u g I d p g J ) 


satisfies 

5 a Y' p + 6<jY' p = £^ x 8 x a 


( 6 . 10 ) 


( 6 . 11 ) 


for 

£</ lX = wkij {2 8 p g K V p d x g , d p g J - ^ A 8 V g^dvg 1 8 p g J 

( 6 . 12 ) 

+ 40V'V (/i 5 p /9 A) c/ J - 2 9^c/ A 'V A) 9V9p5 J ) , 

so long as = —wkji, ujijk + w.jkt + wkij = 0. This gives rise to an ambiguity in 

the last line of (16.81) and correspondingly the last line of £§ px in (16.911 . In (16.71) and (16.81) if 
wj = dju for any scalar u defined on the conformal manifold then the variation (16.51) can be 
removed by a local contribution to W. To obtain a monotonic RG flow away from a critical 
point it is necessary to add a term linear in wi/3 1 to c, a when d= 2,4. 


Despite the differences between six and two or four dimensions it is of course possible that 
further assumptions may lead to relations between the rank two tensors on the conformal 
manifold which could ensure that gijj is positive, at least in the neighbourhood of a fixed 
point, and that there is then a potential perturbative a-theorem. In particular this might be 
the case in supersymmetric theories but also when a nontrivial six dimensional CFT has a 
holographic dual. In such cases there are arguments for an a-theorem which appear to be 
valid in any dimension M- Such arguments depend on positivity conditions for the bulk 
energy momentum tensor which are doubtless vitiated in any correspondence for q i 3 theories. 
In any event, simple holographic duals may not be sensitive to the additional two index tensors 
revealed by our general discussion in six dimensions. Other arguments for a c, or a, theorem 
in six dimensions are given in |32j. This relates the variation of the free energy on a sphere as 
the radius varies to the metric defined by the two point function. A rather similar argument, 
restricted to four dimensions, is given in [33]. The relation to our analysis is not clear but the 
calculation is quite sensitive to the details of regularisation. 
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Appendix A. Conformal Tensors, Invariants and Operators 


The anomalous terms in Weyl scaling identities are, for type B EE], expressed in terms of 
conformal scalars. These are in turn formed from conformal tensors which transform homo¬ 
geneously, without any derivatives of a. Concise expressions for these may be obtained by 
first defining a modified scalar curvature R (in the mathematical literature this is commonly 
denoted by J) and the Schouten tensor P pu given by 

R = Yy R ' -^nvR), Pfw = R , V v P liV = d ll R. (A.i) 

These have the crucial properties under Weyl rescalings of the metric 

S a R = -2 a R - V 2 cr, d a P pv = -V p d u a . (A.2) 

The Weyl tensor is then given in terms of the Riemann tensor by 

^P\pp, = R\ppu TA/i Ppu T 'Ipp, P\v T 7a v Ppp, 7 pv P\p ■ (A. 3) 

To discuss tensors which transform homogeneously under Weyl rescaling it is necessary to 
consider the Cotton tensor defined by 


Cpu\ — V A Ppu V u Pp A , 


(A.4) 


and also the Bach tensor given by 

Bpv = S/ x C pvX - P XuJ W x ^ u 

= - 2 P Xu} W Xpv „ - d P pX P x , + 7#m , P pX P px + V 2 Pp U - VpV u R. 
These have the properties 

Cpv A = —Cp\v , Cpv A + C X pv + C,\p — 0 , r ) pl> Cpv\ = 0 , A = 0 , 

Bp, = B V p , 7 ^Bp, = 0 , V'B^ = {d- 4) P xp C Xpp . 

The Bianchi identity for the Weyl tensor becomes 


(A.5) 


(A.6) 


V uj^^Xpfiu + V fiW\pi/ uj V lA^Xpup, 

= 'iXfi Cpuv -b r (pii Cxisw -b / y\ v Cppuj H - 'ypv C\ (J jp ] + 'Jxuj Cpi/p + ^ipu Cx^u ? 

from which S7 p W P p /U \ = — (d — 3) Cp jV \. Under Weyl scalings b (J W\pp iV = 2a W\ p ^ and 


(A.7) 


b n Cpv X = -d p a W nwX , S a B pv = -2oB pu + (d- 4)d x cr(C fluX + C upX ). (A.8) 
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Since the Weyl tensor vanishes when d = 3 the Cotton tensor is then a conformal tensor, as 
is the Bach tensor when d = 4. 


In terms of these expressions 

E 4 = 6 R Xp [xp R P „ H = W Xf rW tlu xp - 4(d - 2)(d - 3 ){P pu P pv - R 2 ), (A.9) 

which is the Euler density in four dimensions, and also 
E 6 = 90 Rx P [Xp R P u pl/ Rur UT] 

= 8 h + 4 1 2 + 6(d - 5) (R Wx ( rw iw xp - 4 P /w W pXpu W\ puj ) 

- 24(d -4 )(d - 5) P pu P Xp W pXpv 

+ 8 (d — 3)(rf — 4) (d - 5) (P 3 - 3 P P pv P pv + 2 P pu P uX P X P ) , 
for /i, I 2 conformal scalars 

/1 = WW , I 2 = W pu xp Wx P UT W UT pv . (A. 11) 


These satisfy 


6 a E 4 + 4 a E 4 = 8(d - 3) V P (G 4 ^d u a ), 
6 a E 6 + 6aP 6 = 24(d - 5) V p (G 6 pu d u a) 


(A.12) 


for 


G 4 pu = {d- 2)(P^ - 7 ^ P) = R‘ uu - \^ V R , (A. 13) 

the Einstein tensor, and 

G 6 pu = W pXpuJ W\ pLd + 2 (d - 4) W pXpu P Xp - 2 (d -3)(d - 4)(P'* A P ,/ A - P^ v P) 

- - 4(d - 3)(d - 4)(P Ap P Ap - P 2 )) , 

where V p G 4 p v = V P G^ V = 0 and = 0 for d = 3,4. For completeness we note that 

E 2 =R, 6 rT E 2 + 2aE 2 = 2(d-l)\7 p (G 2 pu d u a), for G-T = -'f '. (A.15) 


(A.14) 


It is useful to note that 

5 (T G4 P ' l ' + 4cr G 4 pi/ = — (d — 2) H 4 pXpi/ V A <9 p a, H 4 pXpv = ^ Xv - , (A.16) 

and 

+ 6a = —2(d - 4) P 6 ^ V A d p a , (A.17) 

for 

H f J lX P 1 ' = wp x p v 

- (d - 3) (yvp^ - ^ x PpP v - 7 p"P x p + 7 ^pmp _ r^pp^ _ 7 ^ 7 ^)) , (A. 18) 

where V p H^ xpv = 0, 7 x p H & pXpv = (d - 3) 


20 


Besides I\,l 2 in (IA.11I) there is an additional conformal scalar of dimension six. For general 
d it may be succinctly expressed as 

= i (10 - d) (W p ^ x V 2 W ppvX + 4(d - 2) C^ x C pi/X ) 

(A.19) 

+ (i (d - 2) V 2 - 4 R) W ppvX W ppvX ■ 

Alternative forms m , eh, [35J, equivalent to (IA.22I) up to contributions linear in I\,l 2 , can 
be obtained with the aid of the relations from (1A.7D 

4 h-I 2 = W ppuX V 2 W ppuX — 2(d - 2) P pi0 W ppuX W“ pv x ~ 2 R W ppvX W ppvX 

+ 2 (d - 2)(d - 3) C pi/X C pu x + 2(d - 2) V w (1F^ a C^ a ) , (A.20) 

(d - 4)\/uw^ x c pu x) = -v,v,(r A ^r^) + ± v 2 (w^w MApa; ). 

The form used in El is given by 

h = (d - 3)9 — 1(10 — d){Ah - I 2 ), (A.21) 


so that, for d = 6, 

h = W ppuX \/ 2 W plluX + 16 P P u W ppXu) W%xu - 8 R W ppvX W ppv x 
+ 8 V p V u (W pXpuJ W\ p(J ) - i V 2 {W ppvX W ppvX ) • 

The I r all satisfy 

5 a I r + 6a I r = 0 . 

Besides (1A.20I) we may also note the derivative relation 

V P V v ( P pX P u x ~ 2 P pv R) + V 2 R 2 = P pv P Xp W pxpv + d P pu P uX P X p ~ R P^Ppu 

- h C X,lu Cxpu + V x P pu V x Ppu ~ d x R d x R. 


(A.22) 


(A.23) 


(A.24) 


If a connection A p , with corresponding held strength F pu , is present, then there are further 
conformal scalars. Analogous to (1 A. 19fl there is a similar dimension six conformal scalar formed 
from F pu which as given in |34| has the form 

9 = |(10 - d) (±(d - 4) ( F pv V 2 F pv + V 2 F pv F pv ) + V p F pX V u F uX ) 

+ i(d - 4)((d - A)V 2 - 24 R)F pu F pu , 

for V p the appropriate covariant derivative, VxF P v = dxF pu + [Ax,F pu \. Corresponding to 
(IA.20I) . using the Bianchi identity for F pu , 

V p V v {F pX F\) -lR\F^F pu ) 

= V p F pX V v F vX - \ V x F pu V X F IW - (d - 4) P pu F pX F v x ~ R F pv F pv (A.26) 

+ \ W pvXp F pv F xp - 2 F pv F vX F x p . 

The terms in the last line are conformal scalars. Using (IA.26D an expression similar to (1A.22H 
can be obtained which is more convenient for our purposes. For d = 6 this becomes 

/ = \{F pv V 2 F piJ + V 2 F pv F ]xlJ ) - ARF pu F pv + ( 2 V„V v + A P pv ){F pX F , 'x ), (A.27) 


21 


















which corresponds to the form given in (12.151) . 


In addition to conformal tensors there are also conformally covariant differential 
which play a crucial role. The conformal Laplacian, or Yarnabe operator, 


operator! 


A 2 = -V 2 + 4 (d-2)P, 


(A.28) 


acts on scalars of dimension 4 (d — 2), 5 a A 2 = —\{d + 2) a A 2 + 4 (d — 2) A 2 a. For d = 10 
the conformal scalar II in (1 A. 19|) is just —A 2 W ppi,x W p u, v \. The corresponding fourth order 
Paneitz operator [36] was for d = 4 found first by Fradkin and Tseytlin m and also rederived 
by Riegert [38], 

A 4 = A 4 ,i + \{d- 4) g 4 , A 4 ! = V 2 V 2 + (4 Pp U - (d - 2) n, R)d v , 

(A.29) 

Qa = - V 2 P - 2 + \d R 2 , S a Q 4 + 4 u Q 4 = A 4) iu . 

A 4 acts on scalars such that <5 <jA 4 = —\(d + 4)a A 4 + ^(d — 4) A 4 a. For d = 4 this expression 
for A 4; i is equivalent to ithe second line in the result for L 4 in (12.81) . There is a corresponding 
extension to (V 2 ) 3 , first constructed by Branson [39], which can be written as 

A 6 = Ag ]4 + \{d — 6 ) Q 6 j (A.30) 


where 

Ag i = - V 2 V 2 V 2 -SfV^V^ + V^V^V 2 ) + |(d — 2) V 2 P V 2 

- 2 ((10 - d) VpV u R + ^4 + 24 P ^ p u X - - 2 ) P, w r) 8 v (A.31) 

+ 4 (V 2 P + [d - 4) P pX P pX -(±(d- 2 ) 2 - 1) R 2 )dp , 

so that do-Ag = —i(d+ 6 )<r Ag + |(d— 6 ) Ag a. For d = 6 , Ag.i is equivalent to the contributions 
S 1 +S 2 +S 3 as given by (12.171) . (12.201) . (12.241) . The expression for Ag.i in (1A.31I) was obtained by 
seeking a Weyl invariant S = f d d x x /—'y cPV 2 (/?<9 /i V 2 </?+-• •), assuming 5 a ^p = — \{d— 6 )ct<£>, 
in a similar fashion to the discussion in section 2. Qq is determined by 

baQe + 6 crQg = Agjcr or 5 a Q§ + \(d + 6 ) a Q 6 = Agcr. (A.32) 

It is easy to verify integrability [<5 CT , <5 CT '](3g = 0. A minimal solution is given by 

Q 6 = V 2 V 2 P + V 2 (4 P pu Pp U - 4 (d - 6 ) P 2 ) + 8 P pu V p d u R - 4 (d + 10) R V 2 P 

16 „ (A.33) 

+ 16 P pv P V \P X p + —- P^P^ - 4 dP^P^ R + \{d - 2){d + 2) P 3 . 

A non zero Bach tensor is clearly an obstruction to the operator existing for d = 4. The 
expression for the Branson operator can be written in various different forms; that given by 
(1A.31D and (IA.33D appears simpler than most. 


3 An overview and some useful expressions can be found in uni- 
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Besides acting on scalars there are also conformal differential operators for tensors with 
various symmetries. For our purposes we need only consider operators acting on symmetric 
traceless tensors of rank two. Adapting results from m to this special case 


A2 ,t = A2 h 


fll/ 


+ 


d 


Ifin- 


d + 2 
8 

d + 2 


h) A 


A 7 


V( M V h u )\ + 4P( U h 


(fi 'A) A 


V p \/ X h p x + P pX h\ p 


(A.34) 


so that (5 (J A2 ) t = \{d — 6) A2 ,t (J — \{d — 2 ) cr Ao : t- The operators A2 and A2 ,t are implicitly 
determined by the j 2 , ji contributions in T\ + T2 given by ([2.261) . 112.291) . 


The calculations for cf> 3 theory are based on using the heat kernel expansion for e -t/ \ with 
A = — V 2 + \{d— 2)R + Y in terms of the Seeley-DeWitt coefficients a n (x,y). A is a conformal 
differential operator if we assume 5 a Y = —2a Y. If Ap,Y = 0 then A = A 2 as in (IA.28I) . For 
the diagonal coefficients a n |, when y = x, we have 

180 a 2 1 = W xppu Wxppv + 15 F pu Fp V + 60 Y 2 + 30 AY 

- (d — 6 )((d - 2)P IW P /W - 1(5 d - 16 )R 2 + 3V 2 P -15 RY) (A.35) 

= | W xppu W X ppu ~ \ E a + 15 F pv Fp V + 90 Y 2 + 6 V 2 R - 30 V 2 Y if d = 4, 


and from [42] for Ap,Y = 0, 


7! a 3 | = -fl 1 + fl 2 + 6n 

+ (d - 8)( - § V u W plivX V u W ptll/X ~ f P P u W ppuX W“p vX ~%R W ppuX W P p„x 
+ §(d + 2) Pp V Px P W pXpu + 8 (d - 2) C pvX Cp V x 
+ (d- 2) (2 X7 x P pu VxPpv - 4 V 2 (P^P^) -4 V M V„(P^P)) 

- (5 d - 22) d x R d x R + (9 d - 32) V 2 (P 2 ) - 6 V 2 V 2 P 

+ §(d 2 - Ad + 12) P pu P v xP X ,i + |(7 d 2 - 40 d + 36) R P pu Pp U 

- ±(35 d 2 - 266d + 456) P 3 ) . 

(A.36) 

d = 6 

7! a 3 1 = | E 6 - f Ji + f I 2 + 2 h + 14(3 1 + 5 W /w x P F pv F Xp - 8 F pv F uX F x „) 

-V(T2 Y3 + T2 YAY + m W pp " X W P p U x Y) 

- 7! (Tj (F pv Fp V Y + Y F p »Fp V ) + ± F pu YFp U ) 

- \7 fl \7 u (l2W pXpuJ W u x pu] + 16P pX P u x - 64 P pv R) (A.37) 

+ V 2 (§ W xppv Wx P pv + 32 P pv P lw - 60 P 2 ) + 12 V 2 V 2 P 

- 56VpV u (F pX F u x) + 49 V 2 {F pv Fp V ) 

- 7! (Tj P^G^F) - £ V 2 Y 2 + T P 2 P 2 F) . 
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This gives the results in (13.111) and (I4.7H. The results in (I A.35 1) . (1A.36I) and (IA.37D reflect the 
theorems of Parker and Rosenberg [34 n that a n \ for d = 2n + 2 is a conformal scalar and 
for d = 2 n, f d 2 n x-y /—7 a n \ is a conformal invariant, and suggest the slight extension, that 
for d = 2 n, a n \ is a linear combination of conformal scalars and the Euler density E 2 n up to 
terms with two derivatives. 


Appendix B. Expansion of Six Dimensional Dilaton Action 

In six dimensions £§( 0 ) in (12.51) may be obtained by using (12.61) . Starting from (12.141) we may 
straightforwardly use (1A.2I) successively in (12.61) to determine X^ w for r = 1,2,3,4 and hence 
obtain 

£jP(cr) = a Lq — 12 a d^ad v (j 

+ 16 a(W tJ ' Xpu V\d p a d fl ad u c r — 6 P ,,lJ V x d fl a d u ad x a 
+ 3 P pv V 2 a Vnd u a + 3 P ,IU V Jb v a d x ad x ad x a 

(B.l) 

+ 3 R X p d u a d p ad u a — 3 R V 2 <r d x ad x a) 

— 24 o(| R (d x ad x a) 2 + V p d u crV p d u a d x ad x a — (V 2 (x) 2 d x ad x a ) 

+ 36 a V 2 a (d x ad x a) 2 + 24 a ( d x ad x a ) 3 , 

which matches m- For the contributions arising from Lg given by (12.251) and X(! pu given by 
(1+231) 

Cl(a) = oL\ + \ Xl^d p ad v (T 

+ 2 gjjd tl g I d u g J (6X x dnad u ad x a + V nd u cr d x ad x a — 2 V 2 cr dnad u a 

x (B.2) 

— 4 d p ad u a d x ad x a ) 

— 9 ijd X g I d x g J (6 X fl d u a d p ad u a + V 2 <x d p ad p a — (d p ad p a) 2 ) . 

The remaining contributions from (12.301) with (12.311) and (12.321) are then 

4(a) = oL{-\Xl ^d p ad v a , £ k (a) = a L k % . (B.3) 


Appendix C. Fermions 

For completeness we extend the results in nzj to include background gauge fields coupled 
to fermion conserved currents In this case the one loop action is determined by an 

operator A = —lp ~, with T> p including the spinor and gauge connections. This can be reduced 


4 As noted in m their results contain some errors which are hopefully corrected in (IA.36I) . (1A.37I) . 
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to the form (EHD where 


Fjiv —> \ R/iv\p 7 A 7 P + R\xv Is ) y —■*• ^ R Is — \ Fp.vl IJ ‘ r ) 1 '; (C.l) 


with lg the spinor identity. For fermions then 

Li + Ll = -tr(o Al3 |) + , (C.2) 


where the trace is over both spinorial and gauge indices. In the formula (13.IIP for tr(aA. 3 |) 
we may use (1C.II) to obtain in six dimensions, using tr(lg) = 8, 


tr(I) -> 4(4 h ~h~ 4/3) + 20P^W^ p “W\ pLJ -6RW puXp W^ Xp 
-20 R V 2 R - 112 P pv P vX P X p , + 561? P ,W P, W + 16 R 3 
+ 8tr (!), 

tr (F p "F uX F x p ) -+ - h -3P pv W pXp “W v Xpuj - 6P pv P Xp W pXpv 
- 20 P pv P uX P x p + 18 R P pu P pu + 2 R 3 
+ 8tr (F pu F uX F x p ), 

(C.3) 

W puXp tr(F p "F xp ) -+ - I 2 -8 P lw W> tXpu W v Xpu + 8 P, lv P Xp W pXpv 
+ 8 W pvXp tr(F pu F xp ) 

tr {F pu F pv Y)^-\{R W pvXp W^ Xp + 16 R P pu P pu + 41? 3 ) 

+ 4 tr(F^ F A p) + 16 tr (F pX F\) + 4 R tr {F pv F pv ), 

tr(F 3 ) -+ R 3 - 8ti iF pu F vX F x p ) — 6 Rtr(F pu F ^), 

tr(yV 2 +) -+ 2 f?V 2 I?-4 tr(I) + 16 P pv tv(F px F u x ) - 16 Rtr(F pu F pu ), 

where on the right hand side the trace is only over gauge indices. To calculate the result for 
tr(J) it is necessary to use (1A.20D and (1A.24D to eliminate P p ’ ,y X7 2 P Pil/ with 


16(P^V 2 P^ - RS7 2 R) -+ - 4(4+ - I 2 - I 3 ) - 8 P^W^W" Xpu + 2RW pyXp W pvXp 

+ 16 P pv P Xp W pXpv + 96 P pv P vX P X p -16 R P pv P pv , 

discarding two derivative terms. The traces in (1C.31) give, for fermions, using from (1A.10D 


6 P pv W pXp “W u XpbJ = 2I 1 + I 2 -\E 6 + lR W X( rW p xp - 12 P pu P Xp W pXpv 
+ 24 P pu P uX P x p -36 R P pv P lw + 12 R 3 , 

the result from (IC.2|> 


(C.5) 


L^ — nif, yr ( — ^ 14 x 64 + — 32 1 2 + 4013 + 4jjl Eq) , 
L$ = tr(A / + | W puXp tv(F^F xp ) - § F pv F uX F x p ) . 
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Appendix D. Two-forms 


We here summarise some of the results necessary in the calculation of < 2 ^, 3 1 for two-forms in 
(13+41) . 

t r o(D GO = 3 tr o( 2 ) GO 

-+ -I 3 ~ 16 P ,W V 2 P, W -4 PV 2 P + 12P pi/ W pxpuJ W v XpbJ -4 RW puXp W pvXp 
+ 16 P, lv P Xp W pXpu - 16 P IW Pu\P X n + 40 R P lw P pv + 16 P 3 , 
tr nW (F^F, x F x p ) = ±tr n( 2 )(P^P„ A p\) 

= -h-3 P pu W pXpu W u Xpw - 6 P pv P Xp W pxpv - 20 P pu P uX P x p + 18 R P ,w P, w + 2 P 3 , 

W pvXp tr n(1) (F^F xp ) = | W puXp tr n(a) (F^F xp ) 

= ~h ~ 8 + 8 P pv P Xp W pXpv , 

tr n(1) (F^F^Yi) = -4 P pv W pXpu W\ pu} + RW pvXp W pvXp + 16 P pv P Xp W pXpv 

- 16 P pv P uX P x p - 8 P P pu P pu + 4 P 3 

- U pv W pXp “W\ pu -UW pvXp W pvXp + 4 U pv P Xp W pXpu 

- 4 P"P v p U p - 2 P»PJ l (U p + 8 P) - 4 P P,?U p -4 P 2 P, 
tr n(2) (F pv F pv Y 2 ) = -1 2 - \2P pu W pXpu W v Xpu - 2 RW pvXp W pvXp + 24 P /Jiy P Ap W+' A ^ 

- 16 P pv P vX P x p -56 R P pv P pv -8 P 3 

- 2 U fU ,W‘ tXpu W v Xpu - (U“ + 4 U) W pvXp W puXp + 8 U pv P Xp W pXpv 

- 8 P"PJ> U p - P p PJ 1 (20 U p + 64 P) - 8 P P"U P - 4 R 2 {U P + 4 P), 
tr^(o) (+ 0 ) = —2 P + U , trQ(i) (Yf) = —2 P + 6 U + U p , trj-j( 2 ) (I 2 ) = 10 P + 15 U + 5 U ^ 1 , 
tr Q( o)(To 2 ) = ( 2 P-P) 2 , 

tr n(1) (if) = 16 P pv P pv - 2 P 2 + 8 P"U P -2PP/-4PP + PfP/ + 2 UU P + 6 P 2 , 
tr n(3) (if) = W^W^xp + 16 P M "P^ + 4 P 2 + 16 P,?UJ 1 + 4 P Pf + 20 P P 
+ 4 Pf P/ + U p U v v + 10 PPf + 15 P 2 , 
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tv nW (Y 0 3 ) = -(2R-U) 3 , 

tr n(1) (if) = 64 P^P uX P\ -48 R P pv P pv + 6 R 3 

+ 48 {PJPJ Uf + PJPJ U) - 24 R PJUJ + 3 R 2 UJ - 6 R 2 U 
+ 12 PJ UJ Uf + 24 P I J UJ U - 3 R UJ UJ 1 -6 R{UJU + U 2 ) 

+ UJ U v p UJ + 3 UJ UJ 1 U + 3 UJ U 2 + 6 U 3 , 
tr n(2) (y 2 3 ) = -I 2 + 12 P^W pXpw W u Xpuj + 2AP pv P Xp W pXpv + 16 P pu P uX P x p + 24 RP pu P pu 
+ 6 U iW W pX ^W v Xp u + 3 U W puXp W /wXp + 24 U pv P Xp W pXpv + 6 U pv U Xp W pXp " 

+ 24 PJPJ UJ + 12 PJPJ(UJ + AU) + 2AR PJUJ + 12 R 2 U 
+ 12 PJ UJ UJ + 12 PJ UJ (UJ + AU) + 6RUJ UJ + 12 R UJ U + 30 R U 2 
+ 2 UJ UJ UJ + 3 UJ UJ(UJ + 4 U) + 3 UJUJ U + 15 UJ U 2 + 15 U 3 , 
tr n( o) (y 0 V 2 y 0 ) = (2R-U)V 2 (2R-U), 
tr n( i)(yiV 2 yi) = 16 P pv V 2 P pv - 2 rv 2 r 

+ 4 {P pv V 2 U pu + U pu V 2 1» - UJ V 2 R - RV 2 UJ - 2 (UV 2 R + RV 2 U) 

+ U p ' v V 2 U pv + UJV 2 U + U V 2 UJ + 6UV 2 U, 
tr n(a) (y 2 V 2 y 2 ) -+ I 3 + 16 P pu V 2 P p „ + 4 R V 2 i? - 16 P pu W pxpuJ W u Xpu) + 8R W p " xp W lwXp 
+ 8(P^ V 2 1V + V 2 J» 

+ 2{UJ V 2 R + R \7 2 UJ) + 10 (U V 2 R + R V 2 U) 

+ 4 U pv \7 2 U pv + UJV 2 UJ + 5(17/ V 2 f7 + U V 2 UJ) + 15 UV 2 U. 

Combining terms as in (13.111) and using ()C.4I) . (IC.5|) we find 

tr a( 2 ) ( a A( 2 ),3l) — 2tr Q (i) (a A (i) 3 |) + 3tr n ( 0 ) (a A ( 0 ) 3 |) 
tR 

- GJ V U, w - ii W pvXp W puXp U’ 

+ (§ P pu P /w - 12 R 2 )U' + |(V 2 i? U' + R\7 2 U') (D.l) 

- U pu U Xp W pXpv + 2 P pv U pp UJ - 2 P pv U py UJ - l RU pv U pv + if RUJ UJ 

+ l(U^V 2 U pv -\UjV 2 Uj) 

- {U pv U pu - | UJ UJ) U' - 4 RU' 2 -\ U'A 2 U' - C/' 3 , 
where Lj is given in (13.151) and 

U' = U + \UJ. (D.2) 
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From ([311 U' = \v p v p , U pv = -V p v v = In g 2 . Since G^ v U pv = V M V,(G 6 ^ In g 2 ) this 
term may be neglected and (ID.ID leads to (|3.16D using 


V tl v v V x v p W pXpv - (± W tiXpu W v Xpu - 4 P Xp W pXpl/ - 3 B pv ) v p v u 

= - (i W pxpU} W u XpLJ - B pv + l2P pX P x u -2\7 2 P pv + 2 V p d v R)v p ,v u 
+ 2 P xp P Xp v p v p , 


R V'V X7 p v u -> R V^v" - (4 £ + V^i?) v^v„ - ( R 2 - V 2 ??) v% , 

V„v a -> P pv \7 p v u V x v x - (4 P p,x P x lJ + RP pv -\ y 2 P^ + \7 p d u R) v p v u 


+ i V 2 i? , 

W V 2 -+ V 2 '+ 12 P pv V,/6V V A u A + 31? 

+ ( - W pxp “W u Xpu - 60 P' iA P A 1/ -20 R P pv 

+ 6 V 2 P pu - 20 V^R) VpVv 
+ (2 P Ap P Ap - 2 R 2 + 9 V 2 1?) v% , 


(D.3) 


discarding total derivatives. 
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